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Abstract

Weak and unbounded Conditional Expectations have been extended on LP-spaces over Partial
Generalized von Neumann Algebras and their properties studied. It was discovered that the
Unbounded Conditional Expectations is a proper subspace of the Weak Conditional Expectations.
The existence of Conditional Expectations as given by Takesaki [2] was also checked for Partial
Generalized von Neumann Algebras on LP-spaces under the modular automorphism group given
by A}z’ét(Lp (N))' A}Z’O_itz (LP(N)w)', Vt € R where Ag_ is the modular operator for the full
Hilbert Algebra (LP (M),,), LP (M) is the Partial Generalized von Neumann Algebra and LP (N) is
the Partial Generalized von Neumann sub-algebra of LP (M) associated with LP-spaces. Hence the
work of Tijjani and Dangana [11] has been extended.

Keywords: LP-spaces, Conditional Expectations, von Neumann Algebra, multipliers, Partial *-
algebras, partial O*-algebras.

1. Introduction

Conditional Expectations is a very important tool in the entire Mathematical field and other
Engineering fields especially in Quantum Mechanics where electrons are treated as elements of
the given system on which it acts upon. It also has a wide range of application in other applied
sciences.

Given a non- empty set M having a sub-set N which satisfies properties of an algebra, Conditional
Expectations takes elements from M into N; This implies that the domain of Conditional
Expectations is not equal to the algebra in which it is acting upon.
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Conditional Expectations on LP-Spaces Associated with Partial Generalized von Neumann Algebra

The study of conditional expectations for O*- algebras was first done by Gudder and Hudson [1].
Suppose N € M is an O*-algebra acting on a dense subspace D of a complex separable Hilbert
space H with cyclic and separating vector (2,; they defined Conditional Expectations as a map
A = Py Af), of M into the closed subspace Hy of H, where Py is the orthogonal projection of H
onto Hy, . This is the vector Conditional Expectations given by (N, £2).

Several authors have studied Conditional Expectations on different algebras such as Takesaki,
Takakura, Ogi, Inoue, [2, 3, 4, 5]. It is important to check the existence of a Conditional
expectation. In fact, Takesaki [2] has shown that Conditional Expectations does not necessarily
exist for a general von Neumann algebra. But for semi finite von Neumann algebras, here
Conditional Expectations exist if and only if A%, NA, = N where A is the modular automorphism

group.

While for LP-spaces on von Neumann Algebras, we refer the reader to the work of Terp [9]. In
their unpublished manuscript, Tijjani and Dangana [10 ] took up the study of LP-spaces to partial
O*-algebras thereby extending the work of Takakura [5]. Moving in this direction, we extended
the work of Tijjani and Dangana [11] on LP-spaces to Partial Generalized von Neumann Algebras.

2. Preliminaries

In order to make the paper self-contained, we reproduce the definitions of partial *-algebras, partial
O*-algebras and Partial Generalized von Neumann Algebra. For more details on the subject, we
refer the reader to [6].

*-algebra: A *-algebra is an algebra U, together with an involution which enjoys
the following properties;

O (x+y) =y +x

(i) (x.y)" = y". x

(iii) x™* = x

(iv) (ax)* = ax*, forallx,y € U, a € C.

Partial *-algebra: A partial *-algebra is a complex vector space 2 with an involution x — x*
(that is a bijection x** = x) and a subset /" A X U (a binary relation) such that

6) (x,y) € I'implies (y*,x*) € I’

(i)  (x,v), (x,z) € implies (x,ay + Bz) € I, forall a,f € C;

(iii)  Whenever (x,y) € I, there exists a product x.y € U with the usual properties of the
multiplication: x. (y + az) = x.y + a(x.z) and (x.y)" = y*.x" for (x,y),(x,z) € I
and a € C.
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The element e of A is called a unitif e* = e,(e,x) € [forall x € and e.x = x.e = x, for all
x € . Notice that the partial multiplication is not required to be associative. Whenever (x,y) €
I, x is called the left multiplier of y and y is called the right multiplier of x and we write x € L(y)
and y € R(x). For a subset Nt ¢ A, we write

L) = Nxen L(x),RM) = anERR(x)-

Note that if 2 has no unit, it may always be embedded into a larger partial *-algebra with unit in
the standard fashion.

Partial O*-Algebra: A partial O*-algebra is a *-subalgebra M of LIV (D,H), with identity
satisfying the following properties:

(D) Xy + X5, X1,X, €M, (ii) aX, a € C,X € M. (iii) X » XT = X* I D, (iv) X;0X, = XI*XZ,
defined whenever X; € L% (X;) or X, € RY(X;), thatis if and only if X,D C D(X;r* )and X;D c
D(X3), forall XT € M, X, X, € M

*-Representation: A *- representation of a partial *- algebra 2 is a *- homomorphism of 2 into
LY(D, H), satisfying m(e) = I, whenever e € ¥, that is,

(1) m s linear;

(i) x € L¥(y) in WA implies w(x) € L¥ (n(y)) and nw(x)on(y) = w(xy);
(iii) m(x*) = m(x)T for every x € A

3. Properties of Conditional Expectations on von Neumann Algebra

Here we state the properties of Conditional Expectations on von Neumann Algebra. For the
properties of the classical Conditional Expectations, [8] has done it extensively.

Let N © M be a von Neumann Algebra on a separable Hilbert space H with a faithful normal state
o and a cyclic vector {2 in H; then a map E of M onto N is said to be a Conditional Expectations
of M onto N if it satisfies the following properties:

1. E is linear,

2. E(A)*=E(A*) forall Ae M

3. E(X)=X,forall X €N,

4. E(A*A)>0,forallAeM

5. E(A*A)<E(A*)E(A), forall A € M.

6. E(XAY)=XE(A)Y,foralAe M, X,Y EN

7. E(E(A)X)=E((A)EX))=E(A)E(X),forall AEe M,XE NorX € M,A€E N.
8. wq,(E(A) = wpy(4),forall A€ M.
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Remark: [7] has proved that every projection of norm one of a C*-algebra onto its C*-subalgebra
enjoys properties 4-6.

4. Existence of Conditional Expectations in von Neumann Algebra

Let N € M be a von Neumann Algebra acting on a separable Hilbert space H with a faithful normal
semifinite weight @ on M, . Then the following two statements are equivalent.

1. N is invariant under the modular automorphism group o, associated with w,
il. There exists a o -weakly continuous faithful projection E of norm one from M onto N
such that

w(X) = w o E(X), for every M,,,.

Definition 4.1 Let M, be a von Neuman Algebra on H such that M)D < D. A partial O*-algebra
M on D is called a Partial Generalized von Neuman Algebra on D over M}, if D =Nyey D (X), and
M = [M, I D]**. Supposed that M is a Partial Generalized von Neuman Algebra on D over M.
Then it follows that;

M), ={X€LI(D,H): <CX&n>=<CEXIn>, foreachCEM,E,neEM}={XE€E
LY(D,H): XnM,}.

For construction of Partial Generalized von Neumann Algebra, see the work of Tijjani and
Dangana [11]

5. Conditional Expectations on LP-Spaces over Partial Generalized von Neumann Algebra

In this section, let LP (M) be a Partial Generalized von Neumann Algebra associated with LP-spaces
on D over LP(M,) (where LP (M,) is a von Neumann Algebra associated with LP-spaces on H)
with a strongly cyclic and separating vector 2, € D and let LP (N) be a Partial Generalized von
Neumann sub-algebra of LP (M) associated with LP-spaces over LP (N,) (where LP(N,) is a von
Neumann subalgebra over LP (M) associated with LP-spaces).

5.1 Weak Conditional Expectations on LP-Spaces .

Let LP(N) € LP(M) be a Partial Generalized von Neumann Algebra associated with LP-spaces on
D with a strongly cyclic and separating vector 2, € D such that (LP(N) N R¥(LP(M))) 2, 18
dense in Hypyy = LP(N){2y. Then the following lemma is immediate:

Lemma 5.1 Put
my: (LP(N) N R™(LP(M))) 0o — L'(D, H)
XY, — (Xay) 0,
D(mpyy) = (LP(N) N RY(LP (M))) £,
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e (X)Y2o = (XOY) 0y, VX € LP(N),VY € LP(N) n R¥(LP(M)).

Then . p(yy is a *-representation of LP(N) in the Hilbert space Hyp(yy = D(an(N)) . We denote
by Py the projection of L*(LP(M)) = Hp ) onto L*(N) = Hyp(y).

This projection plays a vital roll in this Research.

Lemma 5.2 If P;py) and ;p(yy are defined as

TLP(N)

Proqwy: L2(LP(M)) — LA(LP(N)) — L*(LP(N))
X0y — PronyXo = XPrpny L.
Then it holds that
PrronyD C D*(”LP(N))
And

TroanX) Proan (2o = Puoan X (20, X € LP(N), 2 € D.

Proof.
((XaY) 2o|PrrnyQ) = ( XTY2|Q) = (Y21XQ) = (Y20|PLrnyX Q)
And so
PovyD € D*(mpp(ny)
And

T[Zp(N)(X) PLP(N)-QO = PLP(N)XQOJV X E Lp(N), ‘QO E D.

Definition 5.1 A map E;py, of LP(M) into LT(D (an(N)), Hippyy) is said to be a weak
Conditional Expectations of (LP (M), £2,) with respect to LP(N) if it satisfies

( ELpvy(AX20)|Y20) = (PLony(AX)00)|Y Q) VA € LP(M),VX,Y € LP(N) N R¥(LP(M)).
For weak Conditional Expectations, we have the following theorem;

Theorem 5.2 There exists a unique weak Conditional Expectation Ep(yy of (LP (M), 2,) with
respect to LP(N) and Epyy(A) = PogyA T D(myipeny), YA € LP(M).
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The weak Conditional Expectation Epp(yy of (LP(M),2,) with respect to LP(N) has the

following properties

Ep(ny 18 linear,

E1p(vy is a projection, that is Eppwy(A)T = Eppwy(AT), VA € LP(M),

Eprny(X) = X,V X € LP(N),

Erovy(ATOA) = 0, VA € LP(M) such that ATDA is well-defined,

Eroy(ATOA) = Eppvy(ANDEp vy (A), VA€LP(M) such that A'mDA  and

Epvy(ANDE oy (4), are well-defined,

6. Eppwy(A0X) = Eppvy(A)OX, for any A€LP(M) X € LP(N)NRY(LP(M)) and
Epny(A)OX is well-defined,

7. Eppy(X0A) = XOE p(n(A), forany A € LP(M) N R¥(LP(N)), X € LP(N),

8. wpn,(Errvy(4)) = wg,(A4), forall A € LP(M).

A e

Proof . We know that E; »(yy(A) is a linear map of D (Ter(N)) into D*(1p(yy) forany A € LP (M),
and furthermore, we have ELp(N)(A)T =Eppw (A1), for all A € LP(M). So Epp(yy is a map of
LP (M) into LY (D (mpony ), Hry)-

Since
(ELovy(AX00)|Y20) = (PLony (AX)20)|Y ), VA € LP(M),VX,Y € LP(N) N R¥(LP (M)).

Epny 1s a weak Conditional Expectation of (LP (M), 2,) with respect to LP(N), E(A) =
Eip(ny(A), for each A € LP(M). Thus we have shown the existence and uniqueness of weak
Conditional ~Expectation. The conditions 3-5 follow, since E;pn)(A) = PrpgnA T
D(an(N)), VA € LP(M). This completes the proof.

6. Unbounded Conditional Expectations on LP-Spaces.

Let LP(N) € LP(M) be a Partial Generalized von Neumann Algebra associated with LP-spaces on
D with a strongly cyclic and separating vector £, € D such that (LP(N) N R¥(LP(M))) 2, 1S
dense in Hyp(y).

Definition 6.1 A map E:D(E) S LP(M) onto LP(N) is said to be an Unbounded Conditional
Expectations of (L? (M), £2,) with respect to LP (N) if

i The domain D(E) of E is a f-invariant subspace of LP (M) containg LP (N),
il. E is a projection, that is hermitian E(A)T = E(AT),for A € D(E)and E(X) = X,VX €
LP (N),

iii. E(ADX) = E(A)nX, forany A € D(E), X € LP(N) n R¥(LP(M))
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iv.  E(XoA) = XaE(A), forany A € D(E) n R¥(LP(N)), X € LP(N)
V. wq,E(A)) = wq,(A4), forall A € D(E),

Remark 6.1 If D(E) = LP (M) then E is said to be a weak Conditional Expectation of (LP (M), 2,)
with respect to LP (N).

Note that the Unbounded Conditional Expectation E is a subspace of the weak Conditional
Expectation Ey of (LP(M),£,) with respect to N. That is if E;py): LP(M) — LP(N), then
E:D(E) c LP(M) — LP(N), also E;p(yy I D(E) = E.

For Unbounded Conditional Expectation, we have the following lemma

Lemma 6.1 Let E be an Unbounded Conditional Expectation of (LP (M), 2,) with respect to
LP(N). Then

E(AX), = PLp(N)AXQO,VA € D(E),X € LP(N) n RY(LP(M)).
Proof.

(E (AX)2|Y00) = ( E(ADX)2|Y Q) = ( E(YTOADX)20|2) = ( (YTOADX) 2 |02)
= ((AoX)|Y Qo) = ( (AX)N|Y Qo) = ( (AX)Qolpr(N)YQO>
= ( PLonyAX 00|V 20)

Hence,
E (AX)Q, = PLp(N)AXQO,VA € D(E),X € LP(N) n RY(LP(M)). O

Let J be the set of all Unbounded Conditional Expectation of (LP (M), 2,) with respect to LP (N).
Then J is an ordered set with the following order c:

E, € E, ifand only if D(E;) € D(E,), E;(A) = E,(A),VA € D(E;).

Theorem 6.1 There exists a maximal Conditional Expectation of (LP (M), 2,) with respect to
LP(N), and it is denoted by &,,.

Proof.

We put

D(&) ={A€LP(M):A M vynrw (@ 1)) 20 € LP (N) T nynrw (1P (M) 23+
Then for any A € D(E,), there exists a unique map &, such that

Eo (AX)02g = ProyAX0 = E(AX)29,VX € LP(N) N R¥(LP (M)).
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It is easily shown that £, is an Unbounded Conditional Expectation of (LP (M), ) with respect
toL? (N). Moreover, &, is maximal in J. Indeed, let E € . Take an arbitrary A € D(E). Then
by lemma 6.1 we see that

E (AX)y = PipnyAX0o = Eppny(AX)2, VX € LP(N) N RY(LP(M)).
Which implies that E(AX) F(Lp(N)nRW(Lp(M)))QO. Hence E c £y and &, is maximal in J. O

Thus, we remark for the weak and for the Unbounded Conditional Expectations E;p(yy and E that
Eipnvy = LP(N), E(D(E)) # LP(N) and E(D(E)) < LP(N).

7. Existence of Conditional Expectations on LP-Spaces over Partial Generalized von
Neumann Algebra

For the existence of Conditional Expectations Partial Generalized von Neumann Algebra, Tijjani
and Dangana [10] has obtained the following:

Theorem 7.1 Let M be a Partial Generalized von Neumann Algebra on D in H with a strongly
cyclic and separating vector 2, € D, and let N be a Partial Generalized von Neumann subalgebra
of M satisfying N,,D(N) € D(N), (N n R¥(M)) £, is essentially self-adjoint for N and Ey(4) =
PyA T Py D,VA € My,.. Then

Ey is linear,

Ey is hermitian, that is Ey (A)T = Ey(4T), VA € M,

Ey(X)=X,VXEN,

Ey(ATOA) = 0, VA € M such that AToA is well-defined,

Ey(ATOA) = Ey(AT)DEy (A), VA € M such that AToA and Ey(AT)DEy (A), are well-

defined,
En(ADX) = Ey(A)oX, forany A € M, X € N N RY(M) and Ey(A)DX is well-defined,

Ey(XOA) = XOEy(A), forany A € M N R(N), X € N,

wq,(Ex(4)) = wg,(A), forall A€ M.

A}z'ff(N‘;,)' Ag;it: (Ny)', Vt € R where A, is the modular operator for the full Hilbert
Algebra (M;,)".

A e

0 0=

Then our extension is as follows:

Theorem 7.2 Let LP(N) € LP (M) be a Partial Generalized von Neumann Algebra associated with
LP-spaces on D with a strongly cyclic and separating vector £, € D, satisfying
LP(N),,D(LP(N)) € D(LP(N)), (LP(N) N RY(LP(m))) £, is essentially self-adjoint for L? (N)
and ELP(N)(A) = PLP(N)A r PLp(N) D,VA € LP (M)(A,IC Then

1. Eppyy is linear,
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E 1y is hermitian, that is E;p vy (A)T = Eppyy (A1), VA € LP (M),

Eony(X) =X,V X € LP(N),

Eravy(ATOA) = 0, VA € LP(M) such that ATDA is well-defined,

Erony(AT0A) = Eppvy(ANDEp(ny(4), VA€LP(M) such that A'oA  and

Eppny (AT)DELP(N) (A), are well-defined,

6. Eppw)(ADX) = E;pvy(A)OX, for any A€LP(N),X € LP(N)NnRY(LP(M)) and
Eppnvy(A)OX is well-defined,

7. Eppw)(XOA) = XOE p(n(A), forany A € LP(M) N R¥(LP(N)), X € LP(N),

8. wg,(Erpwy(4)) = wg,(A4), forall A € LP(M).

9. AGE(LP(N))' Af "= (LP(N)y,)', Vt € R where Af  is the modular operator for the full

Hilbert Algebra (LP (M),,)".

AR

Proof.
Let
D(Eipnvy) ={A € M:Pp,Afdy € LP(N)£}
Then we see that
PironyALdy = Ejpvy(A) 2o € LP(N)A2y, for each A € LP(M). Hence D(Ejp(yy) < LP(M).

Since (2, is strongly cyclic and separating vector for LP(M). It follows that for any
A € D(Ey). There exists a unique element Ejpy,(A) of LP(N) such that Pipyy Ay =

ELp(N) (A) ..(20.

Take arbitrary X € LP(N), then X is affiliated with the von Neumann Algebra (LP(N).,)".
And so

LP(N)w = LP(N)qw-

By the self-adjointness of L? (M) and (L (N) N R¥(LP (M))) £, being dense in H;p(y, it follows
that

LP(N)(LP(N) N R¥(LP(N))) 2o < (LP(N) N R (LP(M))) {29 = LP(N){2o,

where (LP(N) N RYLP(M))) 2, is a reducing subspace for LP(N). Since (LP(N)N
RY(LP(M))) £y is essentially self-adjoint for LP(N), Ppyy € LP(N);V, PLp(N)ﬁ(Lp(N)) (=
D(LP(N)).
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Now since Xn(LP(N),,)’, for each X € LP(N), we have LP (N)f2, = (LP(N)!,)'Q, that is Py =
P((LP(V),)".

Let Sy and Sy be the closures of the maps
Sa,Ay = ATQ, A € LP(N)
.St B0y = B*Q, B € (LP(N)},)'
And so, Sp, © 5,1,20 and Sg, # S’!;O in general.
But then

Ab’ff (LP(N)y)' Ab’;it: (LP(N)w)', vVt € R where Ap, is the modular operator for the full Hilbert
Algebra (LP(M);,)".

This implies
P((LP(N)w))Sa, © So,P((LP(N)y)")

And there exists a Conditional Expectation Ey of the Partial Generalized von Neumann Algebra
((LP(M),,)', 12) with respect to (LP(N),,)".

And so

Eip(N)(AT)QO = PLP(N)AT.QO = PLp(N)S.QOAQO = PLp(N)S.;ZIOA‘QO = S;)IOPLP(N)A.QO =
So Errny(A) 2o = Sp Erp vy (A)2 = Eppy (A)TN,, for each A € LP (M) which implies by the

separateness of () that Ejp(yy is hermitian.
It is clear that E(X) = X, VX € LP(N).
Now take arbitrary A € LP(M) and X € LP(N) n RY(LP(M)).
Since Ejp(y) is hermitian, it follows that AoX € LP(M) and X € LP(N) n RY(LP (M)).
Obviously,
wpy(ELrvy(4)) = wg, (4), forall A € LP(M).

Therefore Eypp(nyis a Conditional Expectation of (LP(M),£,) with respect to LP(N).
m|
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Theorem 7.3 Let LP (N) € LP (M) be a Partial Generalized von Neumann Algebra associated with
LP-spaces on D with a strongly cyclic and separating vector 2, € D satisfying the following
conditions

I m = Hppny

ii. LP(N),,D(LP(N)) c D(LP(N))

iii. LP(N)R, is essentially self-adjoint for LP (N).

iv. AGE(LP (N)y)' Apst= (LP(N)y,)', Vt € R where A is the modular operator for the full
Hilbert Algebra (LP (M);,)’.

Then there exists a Conditional Expectation of (LP (M), ,) with respect to LP (N) if and only if
PLP(N)LP (M)QO = Lp (N)Qo.

Proof.

Since LP (N)2, = L”(N)Q—Otw(lv) = PpovyD. It follows that E;pyy(A) = Epp(n)(A) , for each
A€ Lp(M), and ELp(N)(A) C (Lp(N)PLp(N) llA,/C'

O
8. Conclusion

In conclusion, this research successfully extends the mathematical framework for Conditional
Expectations on LP-spaces by transitioning from standard von Neumann Algebras to Partial
Generalized von Neumann Algebras. By utilizing the modular automorphism group and modular
operators for full Hilbert Algebras, the study establishes the necessary conditions for the existence
and uniqueness of both weak and unbounded Conditional Expectations. The findings demonstrate
that Unbounded Conditional Expectations represent a proper subspace of Weak Conditional
Expectations. Ultimately, these extensions provide a more robust theoretical foundation for
applications in Quantum Mechanics and other applied sciences where system elements are treated
as operators acting within complex algebraic structures.
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